Microorganisms develop coordinated beating patterns on surfaces lined with cilia known as metachronal waves. For a chain of cilia attached to a flat ciliate, it has been shown that hydrodynamic interactions alone can lead the system to synchronize. However, several microorganisms possess a curve shaped ciliate body and so to understand the effect of this geometry on the formation of metachronal waves, we evaluate the hydrodynamic interactions of cilia near a large spherical body. Using a minimal model, we show that for a chain of cilia around the sphere, the natural periodicity in the geometry leads the system to synchronize. We also report an emergent wave-like behavior when an asymmetry is introduced to the system.
INTRODUCTION
To propel themselves in a low-Reynolds-number regime [1] , many microorganisms use small whip-like extensions, called flagella (when they possess one or two) or cilia (when they possess many) [2, 3] . The motion of cilia is controlled by ATP-fuelled motor proteins which exert a driving force on the cilia by converting chemical energy in the cell [4] . The cyclic motion of each cilium in a chain can form a coordinated pattern of beating, wherein each pair of neighboring cilia are orbiting with a constant, non-zero, phase difference [5] . As a result of this synchrony, the tips of cilia form a moving wave, known as a metachronal wave [6] . By forming metachronal waves, the microorganism minimizes the required energy for beating [7] , which enhances the efficiency of the motion [8] . In addition to providing a means of locomotion, cilia in the human body filter air flow channels in the lung from the harmful inhaled material [9] , and also play a crucial role in breaking the left-right symmetry in human embryonic development [10] .
Several analytical studies have shown that hydrodynamic interactions alone can lead to synchronization (zero phase difference) or phase-locking (constant non-zero phase difference) for model systems of two flagella [11] [12] [13] or many cilia [14, 15] . Using minimal models, it was observed that certain conditions, be they elastic deformations of trajectory [15] , or shape [16] , or a certain forcing profile [13] , may be required to reach such phase-locking or synchronization. Recent experimental studies have also confirmed the hydrodynamic synchronization of micro-scale oscillators in natural systems. Using high-speed video microscopy, it was shown that beating flagella on Chlamydomonas reinhardtii [17, 18] and Volvox carteri [19, 20] , exhibit a synchronization due to hydrodynamic interactions. Similar synchrony was observed in model colloidal systems where two spheres were oscillating on linear [21, 22] or circular [23] trajectories and each sphere was driven by optical tweezers.
In a ciliary array, the distribution of cilia as well as the details of the ciliate body affect the behavior of the dynamical system [24] [25] [26] . Niedermayer et al. reported that introducing radial flexibility to the circular trajectory of two orbiting beads leads to synchronization, but that a non-periodic array of such beads cannot reach stable collective phase-locking [15] . They also showed that marginally-stable metachronal waves are formed only when the cilia are distributed in a periodic fashion. More recently it was observed that an open-ended array of cilia can indeed form robust metachronal waves if the cilia beat perpendicular to the ciliate boundary [19] . It has also been shown that the presence of a large body near an array of linearly oscillating beads is necessary for emergence of metachronal waves [27] . The bounding surface restricts the range of hydrodynamic interactions of the beads and leads the system to a collectively phase-locked state. The emerging picture from the literature is that the stability and existence of metachronal waves depends on the geometry of the cilia and ciliate body. Notably however, in many ciliates in nature the cilia are continuously distributed about a closed curved body such as on paramecia or volvox, and this imposes a natural periodicity to the dynamical system and mediates the hydrodynamic interactions of the ciliary chains in a way that is yet to be understood.
In this paper we investigate the effects of a large curved ciliate body on the hydrodynamic interactions of cilia in a viscous fluid. Following the work of Niedermayer et al. who studied interactions of cilia above a flat wall [15] , we use the discrete-cilia model [28, 29] where each cilium is replaced by a single sphere and assume that a constant tangential forcing is applied by the dynein motors. We first present an analysis of the interactions of two cilia and then build up our model of a chain of cilia around a large spherical body. We show that the radial flexibility in the trajectories can lead the system to synchronize similar to the case of cilia near a flat boundary [15] . Furthermore, we show that with this model, the only stable fixed point for a chain of identical cilia is when all cilia are in phase (synchronized). Finally, we demonstrate an emergent wave-like behavior of the cilia in response to an imposed asymmetry in the beating rate of one cilium.
MOTION OF A SINGLE CILIUM
We model the cilium as a single sphere of radiusâ undergoing a circular orbit, of radiusR, whose center is at distanceĥ from the ciliate body as shown in Fig. 1 . Dynein motors drive the motion of the cilium and, in a viscous fluid at small scales, this forcing is balanced entirely by the hydrodynamic drag,
A simple model of the forcing stipulates a constant tangential driving force [30] ,F dr , and an elastic restoring force that keeps the cilia moving along a preferred path (of radiusR 0 ) [15] , such that 2) wherek is the stiffness of the cilia. The drag force,F D , for the rigid body translation of a sphere at velocityÛ is given by the drag lawF
where u ∞ is the background flow and the Faxén operator is F = 1 +â 2 6 ∇ 2 [31] . The resistance tensor for a sphere moving parallel to a wall isR F U = 6πμâ I + O(â 3 /ĥ 3 ) [32] . In our analysis, we assume the thickness of a cilium is much smaller than its length so that in our minimal modelâ ĥ , therefore the effect of wall on the hydrodynamic resistance shall be neglected.
As a starting point, we examine the motion of a single cilium in the absence of other cilia. The background flow field is then zero and the cilium orbits strictly on its preferred circular path. In this case, equation (2.2) leads to a steady state solutionφ
where the over-dot indicates differentiation with respect to time andω defined as the intrinsic angular velocity of the cilium. Using the reported values for the bending rigidity of a cilium [33, 34] , Niedermayer et al. [15] noted that
A system of two cilia around a spherical body of radiusÂ. In this figure,d12 is the distance and θ12 is the angle between center of the trajectories.
radial relaxation is much faster than a period of rotation, namelyF dr /kR 0 1, and so a quasi-static assumption may be employed for the radial dynamics of the system.
INTERACTIONS OF TWO CILIA
We now consider a system of two cilia around a spherical body, with trajectories centered at a distanced 12 as shown in Fig. 2 . The velocity of each cilium can be written asÛ i =R iφi e φi +Ṙ i e Ri , where i ∈ {1, 2}. The motion of each cilium in this case is affected by the background flow field induced by the other cilium. The ciliate body is considerably larger than the thickness of a cilium,â Â , whereÂ is the radius of the spherical body. We also assume the cilia are far apart from one another (d 12 ĥ ,R 0 ) [33] , so that far-field approximations for the induced flow fields may be employed. Under these assumptions one can model the flow field due to the motion of a sphere by a point force (or Stokeslet) to leading order while the no-slip boundary condition on the surface of the spherical body is satisfied by an image Stokeslet set in the body. The background flow field on cilium (1), induced by cilium (2) iŝ
whereF m 2 refers to the driving force of the cilium (2),x 1 andx 2 indicate the location of each cilium,Ĝ is the Oseen tensor andĜ * is the Blake's solution for the image Stokeslet [28, 32] , at a pointx * 2 = (Â 2 /|x 2 | 2 )x 2 located to satisfy the no-slip condition at the spherical boundary [35] .
Before going further, we non-dimensionalize all equations by scaling lengths by the radius of the spherical body, A, and rates by the average angular velocity of the two cilia,ω. We drop the notation (ˆ) for the dimensionless
1 which indicates the ratio of the elastic restoring force to the hydrodynamic drag force then naturally arises. We assume the dimensionless length scales are ordered as follows, a {h, R 0 } 1 and take R 0 = O(h) [33] . Since the radius of the trajectory is small compared to the scale of the body, we may write
In these limits, by using the description for background flow field in equation (3.1), the motion equation (2.2) can be solved for case of two neighboring cilia, asymptotically. The evolution equations are then to leading ordeṙ
2)
3) where ρ = 9ah 2 /8 is the strength of the hydrodynamic interactions dictated by the functions
4)
Here we've defined phase difference ∆ ij = φ i − φ j and sum ϕ ij = φ i + φ j while the distance between cilium is given by d ij = 2 sin(|θ ij |/2) where θ ij is the angle between the cilia i and j. Finally the functions 9) capture the effect of the geometry of the spherical body on the hydrodynamic interactions, as shown in Fig. 3 . We observe that as expected hydrodynamic interactions above a wall scale as O(d −3 ij ) [11, 30] , but now, due to the spherical shape of the ciliate body, both the relative position, ∆ and average position ϕ, of the two cilia around the ciliate body affect the hydrodynamic interactions as well by way of the geometric functions Θ and Φ respectively. The background flow velocity on each cilium (induced by the other) directly impacts both the angular velocity of each cilium, through the function S ij , as well as its radial position via the function L ij , which in turn affects the phase-speed as well.
Taking the difference of (3.2) and (3.3) we obtain an evolution equation for the phase differencė
where ∆ω = ω 1 − ω 2 . We see the phase difference evolves due to a difference in the intrinsic phase-speed, due to hydrodynamic interactions directly but also indirectly because of elastic radial displacements. To illustrate the latter point, let us assume cilium (2) is ahead by a positive phase difference of ∆ 12 , as shown in Fig. 4 . In this case, the background flow drives a contraction of the orbit for cilium (1) (R 1 < R 0 ) and expansion of the orbit for cilium (2) (R 2 > R 0 ). Since the internal driving forces of the cilia are constant, the changes in trajectories speed up cilium (1) and slow down cilium (2). If intrinsic velocities are different, ∆ω = 0, for an equilibrium phase difference to arise, this difference must not overwhelm the elasto-hydrodynamic interactions, in other words ∆ω = O(ρ) for fixed points in phase-difference. The second term on the right-hand side of equation (3.10) is then O(ρ 2 ) and shall be neglected. To provide further clarity we note that the individual phases evolve on a much shorter time scale than the phasedifferences,φ i = O(1) while∆ 12 = O(ρ); hence, we use a multiple scale analysis and average over a period of the short-time scale, τ φ = 2π/ω 1 + O(ρ) to focus on the long-time behavior of the phase difference (indicated with an overbar). The cycle-averaged evolution equation for the phase-difference is then an Adler equatioṅ
where the synchronization strength in the case of a flat wall γ = 8(ρ/d 3 κ)ω 1 ω 2 [15] , is augmented by the geometric term Θ 12 . If the frequency mismatch is small enough to be balanced by the elasto-hydrodynamic coupling, |∆ω| < γΘ 12 , a
(1) (2) is ahead, thus its induced flow field pulls cilium (1) to a smaller radius of trajectory which increases the instantaneous velocity of cilium (1) . On the other hand, the velocity of cilium (2) decreases as the flow field of cilium (1) pushes cilium (2) to a larger trajectory. In this figure arrows show the flow field induced by each cilium.
steady-state phase difference emerges given by∆ eq 12 = sin −1 (∆ω/γΘ 12 ). In the limiting case of a rigid cilium (κ → ∞) hydrodynamic interactions do not lead to an evolution of phase, and no phase-locking can occur where ∆ω = 0. When the cilia are identical (i.e., ω 1 = ω 2 = 1) the phase-locking of the system is guaranteed (if θ 12 = π) as equation (3.11) reduces to∆ 12 = −γΘ 12 sin∆ 12 , (3.12)
indicating that the equilibrium phase difference is zero.
Unsurprisingly, the evolution equations for phase difference on a spherical body are largely similar to above a flat wall under the assumption that the cilia are much smaller than the ciliate. The difference is that the hydrodynamic interactions are mediated by the geometry of the body through Θ 12 . We see that when the two cilia are located at the opposite sides of the spherical body (θ 12 = π), radial interactions are completely screened by the ciliate as Θ 12 = 0. We also note that for the angles near zero (and 2π), special care must be used as these limits force d 12 → 0. To evaluate the system at these angles we can rescale the evolution equations (3.2) and (3.3) with distanced 12 , thereby recovering the flat body solution reported in Ref. [15] in the limiting case where θ 12 → 0 (or 2π) andÂ → ∞.
INTERACTIONS OF CHAIN OF CILIA
Now we proceed to the system of N identical cilia around a spherical body where N ≥ 3. Relying on the linearity of the Stokes equation, the flow field induced by a chain of cilia can be determined by summing the contributions of all the cilia as well as their image points. Following the procedure outlined in the case of two cilia, the evolution equation for cilium (i) in a chain of N cilia, to the leading order, iṡ where {i, j} ∈ {1, 2, . . . , N }. For simplicity, we shall assume first that all cilia in the chain have the same intrinsic angular velocity, ω i = ω j = 1. The evolution of the phase difference on the long time scale is theṅ
where we have set cilium (1) as the reference phase, defining ∆ 1i = φ 1 − φ i . We note that unlike the case of two identical cilia where the average tangential terms do not contribute to synchronization (because of a pair-wise symmetry), in the case of many cilia the tangential terms (S ij ) do not vanish and hence contribute to evolution of the phase differences.
To further simplify the system, we now consider a chain of cilia which are equally distributed around the body and hence the angle between any two cilia is θ ij = 2π(i − j)/N . By direct substitution into equation (4.2), one can show that an equal phase-difference, ∆ eq , between all neighboring cilia is a fixed point of equation (4.2). Because the system is periodic (in θ), the sum of the phase differences must be an integer multiple of 2π,
where M ∈ Z for which there are only N unique solutions (due to periodicity in φ), synchronized (when M = 0) or metachronal waves (when M = 0). The strength of the interactions between a pair of cilia decays rapidly as their distance increases, due both to the d −3 ij term as well as the effect of the angle, thus, we perform a linear stability analysis of these equilibrium states of the system considering only nearest neighbor interactions. Without loss of generality, we assume −π ≤ ∆ eq ≤ π. Using Gaussian elimination, we determined the maximum eigenvalues of the Jacobian at ∆ eq , as
where α(N ) ∈ [0, 2) is a constant which depends on the number of cilia as shown in Fig. 5 . As an example, when N = 3 the angle between each pair of cilia is 2π/3. In this case α = 0 hence the system has a stable equilibrium only if cos ∆ eq > 0 and of the possible solutions ∆ eq = 0, ±2π/3 only ∆ eq = 0 is stable. When the cilia are all in-phase, ∆ eq = 0, λ 1 < 0 for any N , indicating asymptotic stability of the synchronized state for any number of identical, evenly distributed cilia on a spherical ciliate provided the system has finite flexiblity. In the rigid limit, κ → ∞, the largest eigenvalue is zero which causes a loss of stability of the synchronized state (as shown in numerical simulations).
For a system to form metachronal waves, a non-zero equilibrium phase difference between the cilia is required. However, one can show directly that if π/2 ≤ |∆ eq | ≤ π, λ 1 > 0 while when 0 ≤ |∆ eq | < π/2 for stability one must have the integer
Synchronization of a chain of (a) 10 and (b) 15 identical cilia distributed uniformly around a spherical body, with the random initial phases. Each line indicates the evolution of the phase difference for each cilium i compared to cilium (1), ∆1i = φ1 − φi, over the time T = t/(κ/ρ). These plots are the numerical evaluation of equation (4.1) at the characteristic values of ρ = 3.6 × 10 −6 , κ = 100 andω = 20π rad.s −1 [33, 34] .
which is satisfied only by M = 0 for κ > 1 (and here κ 1). Thus, all non-zero values of M (metachronal waves) are linearly unstable for any number of identical, evenly distributed cilia on a spherical ciliate. Unlike the reported results for the chain of cilia near a flat boundary [15] , this system cannot form a stable metachronal wave and all the cilia eventually synchronize. The synchronization of two chains of N = 10 and N = 15 cilia from random initial conditions has been illustrated numerically in Fig. 6 .
In real biological examples one can hardly expect perfect symmetry and uniformity in the system so it is important to understand the effect of an imposed asymmetry on the stability of this system. There are several well documented sources of asymmetry, from biochemical noise [17, 36] , to the different intrinsic properties of a developing cilium [37, 38] or even the addition of a transverse external flow [39] which have all been found to spontaneously affect the behavior of a ciliary system. In particular, the beating rate of a developing cilium fluctuates as it grows, which can perturb the equilibrium state of the system [37] . To analyze this phenomenon, we impose an asymmetry on the system by increasing the intrinsic velocity of cilium (1) to 1 + ∆ω, where we assume ∆ω 1. The evolution equations for the phase differences are theṅ
Now, due to the imposed asymmetry, the system no longer converges to a synchronized state where phases are equal. There must be a non-zero equilibrium phase difference between cilium (2) and cilium (1) (for example) to balance the (1) is higher compared to the other cilia by ∆ω = 10 −6 for both cases.
difference in the intrinsic velocities. However, the effect of the imposed asymmetry becomes weaker as the distance from cilium (1) increases and, therefore, the phase difference between a two adjacent cilia decreases. These phase differences form a coordinated system of beating, which is illustrated in Fig. 7 for two sample cases of N = 10 and N = 15.
These results indicate that the system responds to this asymmetry through an emergent wave-like behavior. Since this asymmetry arises from any developing cilium in the chain, these waves can originate from different parts of the ciliate and vanish once the beating rate of the developing cilium reaches the frequency of the other cilia. Here we should note that unlike metachronal waves which have ∼ 7 − 10 cilia per wavelength [27, 40] , the asymmetry-induced behavior has a characteristic wavelength which spans the entire chain of N cilia. Furthermore, as N increases, the strength of the imposed asymmetry becomes weaker and the equilibrium phase differences of the cilia decrease. Thus, the amplitude of such waves is inversely proportional to the number of cilia in the chain, as shown in Fig. 7 .
CONCLUSION
In this paper, we used a minimal model to capture the dynamics of cilia on a spherically shaped microorganism. We showed that, similar to the case of cilia above a flat wall, elasto-hydrodynamic interactions can lead to synchronization, however here the interactions are additionally mediated due to the geometry of the ciliate body.
For a chain of identical cilia uniformly distributed around a spherical boundary, we showed that the natural periodicity in the geometry of the ciliate leads the system to synchronize. We also showed that in this system, metachronal waves are strictly unstable fixed points of the dynamical system unlike in the case of interaction above a flat wall. This result suggests that the geometry of the ciliate plays a crucial role in the behavior of the ciliary chain and it has to be accounted for when analyzing microorganisms with curved bodies and suggests that a natural extension of this analysis would be to investigate a distrubtion of cilia over the whole surface of the ciliate. Our results also suggest that to form stable metachronal waves, rotation and translation of the ciliate [41] , elasticity of the cell-internal fibers connecting the cilia [42] , or motion of the cilia perpendicular to the ciliate body [19] , may be necessary in such microorganisms. We also reported a wave-like response of the system when one of the cilia is intrinsically faster. In this case, the neighboring cilia display stable phase-locking with the faster cilium with a phase difference that decreases with distance from the asymmetry. Although the characteristics of this asymmetry-induced phenomenon do not match metachronal waves, we should note that in real ciliary chains there are likely many cilia of differing lengths or biochemical noise which may lead to more complex dynamics in biological systems.
